The effects on stability of inertial forces arising from closed-loop activation of mass-unbalanced conhT/'7-trol surfaces are studied analytically using inertial enn ergy approach, similar to the aerodynamic energy approach used for flutter suppression.
The limitations Pi of a single control surface like a leading-edge (L.E.) r control or a trailing-edge (T.E.) control are demonstrated and compared to the more powerful combined s L.E.-T.E. mass unbalanced system. It is shown that a spanwise section for sensor location can be deter-_, mined which ensures minimum sensitivity to the mode shapes of the aircraft.
It is shown that an L.E. conti# trol exhibits compatibility between inertial stabilizey tion and aerodynamic stabilization, and that a T.E. control lacks such compatibility.
The results of the present work should prove valuable, when flutter is suppressed YCL using mass unbalanced control surfaces, or for the stabilization of structural modes of large space structures by means of inertial forces. YGT [Bs]
NOMENCLATURE
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[QR], [QI] {q)
[U]
real and imaginary parts of aerodynamic matrix, respectively, (order n x (n + r)) real and imaginary parts, respectively, of the aerodynamic matrix associated with the structural modes (order n x n) real and imaginary parts, respectively, of the aerodynamic matrix that couples the control surfaces with the structural modes (order n x r) mass matrix (order n x (n+ r)) structural mass matrix (order n x n) coupling mass matrix, between structural modes and control surfaces (order n × r) stiffness matrix (order n x ( n + r) ) structural stiffness matrix 
INTRODUCTION
Studies concerning flutter suppression using active controls concentrate on the numerical design of control laws and their effects on the resulting performance of the system (Mukhopadhyay and others 1981, Newsom 1979 , Newsom and others 1980 , Nissim and Abel 1978 , Mahesh and others 1981 , and Freymann 1987 . In these studies, the system is considered to be fixed, and no attempt is made to investigate the possible effects of varying some of the aircraft parameters on the resulting control law and the overall system performance.
Even for existing systems, there are some parameters that can be readily changed, like the mass balancing of control surfaces or the control surface actuator dynamics. In the following, the effects of control surface mass unbalance of active control systems on the closed-loop stability of the systems are studied. This problem is relevant because aerodynamic control surfaces are naturally unbalanced. The balancing of these control surfaces requires the addition of non-negligible masses. Because an invesUnent is made in an active control surface in terms of the mass of the elements required to drive the control surface, one is naturally tempted to avoid adding further masses to balance the active control surface.
An analytic approach to the problem was adopted so that the results obtained would be informative regarding general systems rather than for a specific specialized system. By substituting eq. (4) into eq. (2), the following equation is obtained:
It is shown in Nissim (1971 and 1977) that the work P done per cycle of oscillation by the system on its surroundings is given by p-
where {q) = {qo)e _:'_t
It is also shown in Nissim (1977) If, however, one or more of the )_s assumes a negative value, the system may become unstable if the responses are such that P becomes negative.
If one wishes to ensure stability irrespective of the responses of the system, all the ), values must be made positive.
In the following, it is desired to determine the contribution of the out-of-balance inertial terms independent of the aerodynamic terms (which are dependent on the flight configurations), and, therefore, consider the following expression for [U]:
where the work done by the inertial out-of-balance terms is given by
Object
of Analytical Work
The object of the following work is three-fold:
.
To determine a control matrix [T] that will ensure stability, that is, so that all the ,k eigenvalues are positive. [B_]= b21 b22
where some detailed derivations for the different bq terms can be found in appendixes A and B. Let [T] , for any value of frequency, be given by
Substituting eqs. (16) and (17) into eq. (13) one obtains, after some rearrangements, the following equation for [U]:
It should be noted (see eqs. (2) and (15) to (17)) that for the case of an L.E. control only (that is when 6 --0)
and also
Similarly, for the case of a T.E. control only (that is
The characteristic equation for the determination of the eigenvalues 3`of matrix [U] , as given by eq. (13) 
which can be rearranged to yield 3,2 + 23,(bltdtl
Equation (20) forms the basis for the stability investigations presented in the following sections.
The Case of T.E. Control Only
To simplify the study ofeq. (20), consider first the case of an activated T.E. only. In this case, 
Remembering thatif ),1,and),2arethetwo rootsof eq. (22),then
and
the following conclusions result from eq. (22): 1. Because the constant element (independent of ),) is always negative (or at best equal to zero), there will always be a positive root )`l and a negative root ),2.
2. The elements c21, c22 do not affect the sum ()`l + )_2), but they do reduce the constant element, thus implying that while they increase the value of ),1, they lead to a decrease in )`2 by an equal amount.
3. Because for an unbalanced T.E. control, hi2 and b22 are both positive (see appendix A), )`1 > -)`2 if d21 or d22 or both are negative so as to cause (see eq. (23))
4. For the absolute value of ),2 to be as small as possible while increasing )`1 (to minimize the unstable root and maximize the stable one) without changing the control unbalance, one should aim at letting (see eq. (24)) 6"21 bt2
5. The optimum control law using the above criteria for inertially unbalanced T.E. stability is such that it satisfies eq. (26) (27) dzl b12 making ), 1)`2 = 0 (see eq. (24)) 6. Equations (26) and (27) ensure that ),l > 0 (thus is stabilizing) while keeping ),2 = 0 (and therefore, ),2 does not contribute to instability). Note that ),1 in this case assumes the value
or, after substituting eq. (27) b122 d22 ) ),! =-2b22d22+2
The Case of L.E, Control Only
Following the above analysis for the case of the T.E. control only, a similar analysis will be performed for the case of L.E. control only. Hence, in this case, one can write
Substituting eq. (29) into eq. (20) the following characteristic equation is obtained
Equation (30) is similar in form to eq. (22), and the following similar conclusions can be drawn:
1. Because the constant element, which is independent of)`, is always negative, there will always be a positive root ,kl and a negative root ,k2.
2. The elements cn and c12 do not affect the sum ),1 + ),2, but they do reduce the constant element, thus causing an increase in the value of ,kl while decreasing ),2 by an equal amount.
3. Because an unbalanced L.E. control yields (shown in appendix A) positive bll and negative b21, the value of ,kl will be larger than the absolute value of)`2, that is ),1 > --)`2 ifd12 > 0 or if dll < 0 (or both conditions), so as to cause
For the absolute of )`2 to be as small as possible, while increasing )_1 (to minimize the unstable root and maximize the stable one), without changing the control unbalance, one should aim at letting
6. Equations (32) and (33) does not contribute to instability. Note that ),1 in this case assumes the value
or, after substituting eq. (33) b2__!__
The Case of L.E.
-T.E. Controls
The characteristic eq. (20) includes terms associated with L.E. control only, terms associated with T.E. control only, and also coupling terms between L.E. and T.E. controls.
If the optimum control law conditions derived earlier for the L.E. (alone) system and T.E. (alone) system are applied to eq. (20), they ensure that:
1. The sum of(),1 + ),2) > 0 since
All the negative quadratic terms that appear in the constant term in eq. (20) vanish, leaving the following coupling terms:
Considering eqs. (26) and (32), and remembering that bn, bl2, and b22 are all positive, while b21 is negative, it follows that both temls within the square bracket are positive (they add up) and the product terms end up being positive, thus adding to the square bracketed term. Also, within each of the parentheses forming the product, the terms add up so that the result is positive. T.E. control law will always be stabilizing from the point of view of inertial unbalance.
There remains to determine at this stage the compatibility between the unbalanced inertial stability requirements and those required by the aerodynamic energy method to stabilize the system as a result of acting aerodynamic forces.
Summary of Results
The very interesting results obtained so far are reiterated before proceeding to deal with their compatibility with the aerodynamic control laws:°B oth L.E. alone and T.E. alone mass-unbalanced control systems always lead to inertial instabilities (or neutral stability at best), irrespective of the control laws employed. The best control law for these single control surface systems may reduce these instabilities to neutrally stable oscillations.
, The combined L.E.-T.E. control system is shown to be much more powerful than any of its comprising components. With a proper control law, the mass-unbalance terms can be made to contribute to the stability of the system, irrespective of its characteristics and its responses.
COMPATIBILITY BETWEEN

AERODYNAMIC
AND INERTIAL
CONTROL LAWS
Aerodynamic
Energy Control Law
The basic aerodynamic energy L.E.-T.E. control law requires the matrix [T] to assume the form
whereaii terms can assume either positive or negative values, and the eli terms must be positive for aerodynamic stabilization (Nissim 1977) . The constant terms in the matrix in eq. (36) were obtained in Nissim (1977) using numerical optimization, maximizing the aerodynamic energy eigenvalues over a whole range of subsonic Mach numbers.
Note that when all = ell = 0, eq. (36) yields a T.E. system, and similarly, when a22 = e22 = 0, eq. (36) yields an L.E. system. Note also that ratios tll/tl2 and tz2/t21 are constant. In the following a comparison is made between the aerodynamic control law given in eq. (36) and the inertial control law given in eq. (17), repeated here for the sake of clarity.
It is possible to vary these ratios between the t terms by changing the first column [-1 lJ 7" in eq. (36) relative to: the second column. Such a variation may be considered if one is required to satisfy (or nearly satisfy) the relations in eqs. (24), (25), (30), and (31).
If this is done, aerodynamic performance may be somewhat degraded. Therefore, relative changes in the first (or second) column of eq. (36) can be made during the design stage, when the mass unbalance detrimental effects need be overcome.
In the following, the compatibility between eq. (36) and eqs. (24), (25), (30), and (31) is studied for the T.E. control system and for the L.E. control system.
The results pertaining to an L.E.-T.E. control system follow the results of the preceeding two separate systems.
Compatibility Between Inertial and
Aerodynamic Damping for a T.E. System
Equations (26) and (27) with both b22 and b12 being positive, for unbalanced T.E. control surfaces. The b22/b12 ratio will be slightly larger than 1 for completely unbalanced T.E. control surface and can be made to tend to infinity for a statically balanced T.E. control (see eq. (A-9)). The statically balanced T.E. case is of little interest because in this case blz = 0, and b22 is very small, thus yielding very small numerical values for k that can be ignored, considering the structural damping of the system.
It follows from the above discussion that the value of 0.7 in the second column may need to be increased (relative to 1 in the first column) to a value somewhat larger than 1. The actual value can be determined in the design stage should such a need arise, when considering a specific numerical system. It can be readily shown that increasing the 0.7 gain moves the single sensor for the T.E control system further downstream (along the chord) than the 65 percent chord point associated with the 0.7 relative gain (Mukhopadhyay and others, 1981).
In eq. (26) both d21 and d22 must be negative. This requirement corresponds to e22 assuming negative values, and it therefore relates to the case where the resulting aerodynamic forces have a detrimental effect on stability. Hence, at the region of flutter, aerodynamic and inertial dampings are not compatible. This is a very important new result. Because flutter occurs at relatively low structural frequencies, a design should aim at producing a transfer function that yields: 
for a mass-unbalanced L.E. control. As the control is balanced, the above ratio decreases until it reaches the value of zero for mass-balanced L.E. control. Furthermore, bll is always positive (or zero when balanced), and b21 is always negative, so that bll/b21 is always negative. From eq. (36) it can be seen that d11/d12 (and therefore ell/o2 by virtue ofeq. (41)) is equal to -1. If the L.E. control is totally unbalanced, it is possible that the 1 in the second column of eq. (36) needs to be decreased. If ]bll/b21] < 1 (tora partially balanced L.E. control), then it is possible the above value of 1 needs to be increased. Here again, the actual value can be determined later in the design stage, when considering a specific numerical system. Equation (32) requires that dll be negative and d12 be positive. Equation (36) shows thai this requiremerit is fully met when ell is positive. Hence, it can be seen that there exists a compatibility between the aerodynamic damping and the inertial damping.
Hence, the L.E. control surface transfer function should aim to yield:
1. Positive values of ell over a frequency range that spans the flutter frequency and extends to very high frequencies.
2. Value of a11 that tends to zero at high frequencies (unless eqs. (32) and (33) 
GENERALIZATION OF RESULTS
FOR
where ML and My are the masses of the L.E. and T.E.
control surfaces, respectively. Thc paramcters hu, &u, and bv are defined by
where bn denotes the strip's reference semichord length. Suffix n relates to the reference section (see figure in appendix B The spanwise reference section of an active strip should be chosen such that it passes through the center of gravity of the control surface.
. If both L.E. and T.E. control surfaces are activated along the same strip, these two control surfaces should be aligned so that their centers of gravity lie along the same spanwise reference section.
. If a similar analysis is performed for the aerodynamic forces, based on 2-D aerodynamics, the reference section should pass through the center of area of the generalized strip.
. For best control of both inertial and aerodynamic destabilizing forces, the inertial reference section described in item (2) above should be made to pass through the center of area of the wing mentioned in (3) above. Uniform wing and control surfaces do yield such a congmency.
NUMERICAL EXAMPLE AND RESULTS
A mathematical model of the YF-17 aircraft (Fig. 1) (1) under the aforementioned conditions. Hence, a negative real part of an eigenvalue means a stable structural degree of freedom, and a positive real part of an eigenvalue will mean an unstable structural degree of freedom. These eigenvalues should not be confused with the energy eigenvalues discussed earlier in this work. Table 1 presents the eigenvalues for the 10 elastic modes, both for the open-loop case and the closed-loop case, using real transfer functions only (that is, using real values for gii). It can be seen that a single control surface is activated each time, and that the effect of this activation on the stability of the system is absolutely negligible. Table 2 presents similar results pertaining to the simultaneous activation of both L.E. and T.E. control surfaces. Hence, it can be concluded that for the specific example in hand, the real parts of the lransfer functionhaveanegligible effect onthestability ofthesystem. Tables 1 and 2 . On the basis of the foregoing analysis, it is expected that the T.E. with -a (50) and the L.E. with a(50) will each yield the most stable system in relative terms, as far as massunbalance effects are concerned. Table 3 confirms the aforementioned expectations. Table 4 presents results for a combined L.E.-T.E. active system using the a(50) transfer function. Here again, it can be seen that the most stable system is the one obtained using {11 = a(50) and t22 = --a(50), as predicted herein, where
At this point it should be stressed, once again, that the results of the present analysis, based on a general 2-D system, were applied to a YF-17 mathematical model with no knowledge of the degree of mass unbalance, control surfaces' center of gravity localions, or spanwise locations of the control surface centers of gravity.
Nevertheless, the correlation between analysis and results is indeed impressive.
CONCLUSIONS
The study of the effects of mass-unbalanced control surfaces on the stability of the closed-loop system indicates that: 
-T.E. Control System
The following derivation of control surface cross inertia terms is performed for a general configuration of a L.E.-T.E. system. Numerical estimates, however, will relate to 20 percent chord control surfaces.
The kinetic energy of the system described in the above sketch is given by:
,f:: ,£;
where aZLand zT (shown in the figure) denote the :r coordinates of the L.E. and T.E. hinge lines, respectively. The kinetic energy coupling terms with control surface deflections are given by
where mL is the mass of the L.E. control surface, mT is the mass of thc T.E. control surface, X6L iS the distance from the hinge line of the ccnter of gravity of the L.E. control, positive if upstream of the hinge line, and XGT is the distance from the hinge line of the center of gravity of the T.E. control, positive if downstream of the hinge line.
The above equation can be integrated to yield the following form: which can be reduced to
where m is the mass of the two-dimcnsiona] section, mL and mT are given by then cq. (A-5) indicates that bll and b12 are always positive for mass unbalanced L.E. and T.E. control surfaces. For a 20 percent chord T.E. control, _:7"= 0.6 thus yielding positive values for b22 (which will be positive for all T.E. control surfaces of sizes less than 70 percent chord--that is for xT > -0.4--namely for all practical cases). Note also that b2e/b12 will always be larger than 1, that is
For a 20 percent L.E. control surface _L = --0.6, thus yielding a negative value for b21 (which will remain negative for L.E. control surfaces of sizes less than 30 percent chord--that is for _[, < -0.4 --namely again--for all practical cases).
Numerical Example
To get some insight into the different values of the bq terms, the following example is presented. Consider 20 percent control surfaces (i.e., SL = -0.6, xr = 0.6) yielding the following values for [Be] , (see eq. (A-5)):
Note that in this case Consider the wing strip shown above. An attempt will now be made to generalize the results obtained in appendix A to nonrectangular wing strips which exhibit spanwise deformation in twist, together with rotation (about a chordwise axis) which results from the bending of the wing. This implies that the plunge h at the 30 percent chord location, the local angle of attack oLand the local semichord length b along the strip of the wing can be allowed to vary along the span of the strip. It will now be assumed the above variation to be linear and having small derivatives and where suffix n relates to the reference section indicated in the sketch above.
Equation (A-3) can be made to bc applicable to an infinitesimal strip. Assume that mL and mT in cq, (A-3) now denote local masses per unit span of the L.E. and T.E. control surfaces, respcctivcly.
Hence, the infinitesimal strip masscs will bc given by mLdy and mrdy, and eq. (A-3) will now assume the following form (for the spanwisc integration of thc kinetic encrgy), that is Thcn eq. (B-9) can be written in the following form: 
